At zero temperature magnetic phases of the quantum spin-1/2 Heisenberg antiferromagnet on a simple cubic lattice with competing first and second neighbor exchanges (J 1 and J 2 ) is investigated using the non-linear spin wave theory. We find existence of two phases: a two sublattice Néel phase for small J 2 (AF), and a collinear antiferromagnetic phase at large J 2 (CAF). We obtain the sublattice magnetizations and ground state energies for the two phases and find that there exists a first order phase transition from the AF-phase to the CAF-phase at the critical transition point, p c = 0.28. Our results for the value of p c are in excellent agreement with results from Monte-Carlo simulations and variational spin wave theory. We also show that the quartic 1/S corrections due spin-wave interactions enhance the sublattice magnetization in both the phases which causes the intermediate paramagnetic phase predicted from linear spin wave theory to disappear.
I. INTRODUCTION
Frustrated quantum Heisenberg magnets with competing nearest neighbor (NN) and next-nearest-neighbor (NNN) antiferromagnet (AF) exchange interactions, J 1 and J 2 respectively, have been under intense investigation both theoretically and experimentally in condensed matter physics for more than a decade.
1 At low temperatures these systems exhibit new types of magnetic order and novel quantum phases. 1,2,3 A well-known example is the quantum spin-1/2 antiferromagnetic J 1 − J 2 model on a square lattice, which has been studied extensively by various analytical and numerical methods. 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14 For this two-dimensional square lattice system with J 2 = 0 the ground state is antiferromagnetically ordered at zero temperature. Addition of next nearest neighbor interactions induces a strong frustration and break the antiferromagnetic (AF) order. The competition between the NN and NNN interactions for the square lattice is characterized by the frustration parameter p = J 2 /J 1 . It has been found that a disordered quantum spin liquid phase exists between p 1c ≈ 0.38 and p 2c ≈ 0.60. For p < p 1c the square lattice is AF-ordered whereas for p > p 2c a collinear phase emerges. In the collinear state the NN spins have a parallel orientation in the vertical direction and antiparallel orientation in the horizontal direction or vice versa.
The nature of phase transition from AF-ordered state to disordered state at p 1c is of second order and from the disordered state to the collinear state at p 2c is of first order.
The properties of quantum magnets depend strongly on the lattice dimensionality since the tendency to order is more pronounced in three dimensional (3D) systems than in the lower dimensional systems. Furthermore, in 3D the available phase space is more and we expect quantum fluctuations to play a lesser role as compared to 1D and 2D. In 1D and 2D the available phase space is limited and quantum fluctuations play a dominant role in determining the quantum critical points. Despite this fact a magnetically disordered phase has been observed in frustrated 3D systems such as the Heisenberg AF on the pyrochlore lattice 15 or on the stacked kagome lattice 16, 17, 18, 19 Very few analytical and numerical results exist for the the frustrated
Heisenberg model on a simple cubic lattice. 14, 36, 37, 38 This model has been studied previously using Monte Carlo simulation 36 , variational spin wave theory 38 , and modified spin wave theory 14 . In a recent work the critical properties of the 3D anisotropic quantum spin-1/2 model on a simple cubic (SC) lattice has been investigated within the framework of the differential operator technique and by using an effective field theory in a two-spin cluster.
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The study revealed that at zero temperature there is a AF-lamellar (first order) phase transition. The motivation for the present work is to investigate the zero temperature phases of this model in the framework of non-linear spin wave theory (NLSWT) and to obtain the critical transition points of this model. Also we will compare our results from NLSWT with the prediction from the linear spin wave theory (LSWT).
The paper is organized as follows. In Section II we set-up the Hamiltonian for the spin-1/2
Heisenberg AF on the SC lattice. The classical ground state configurations of the model and the different phases are then discussed. In Section III we map the spin Hamiltonian to the Hamiltonian of interacting bosons and develop the NLSWT sublattice magnetization and energy expressions. The sublattice magnetizations and the ground state energies for the two phases are numerically calculated and the results are plotted and discussed in Section IV.
Finally we summarize our findings in Section V.
II. CLASSICAL GROUND STATE CONFIGURATIONS
The Hamiltonian for a spin-1/2 Heisenberg antiferromagnet with first and second neighbor interactions on a simple cubic (SC) lattice is
J 1 is the NN and J 2 is the frustrating NNN (which are along the face diagonals of the cube) exchange constants. Both couplings are considered antiferromagnetic, i.e. J 1 , J 2 > 0. For the SC lattice the number of nearest and next-nearest neighbors are z 1 = 6 and z 2 = 12.
The limit of infinite spin, S → ∞, corresponds to the classical Heisenberg model. We assume that classically the spin configurations of the system are described by
where u is a vector expressed in terms of an arbitrary orthonormal basis and q defines the relative orientation of the spins on the lattice. The classical ground state energy of the lattice in terms of the frustration parameter, p, is given by
with the structure factors
where we define the parameter of frustration as p = z 2 J 2 /z 1 J 1 . Thermal or quantum fluctuations lift these degeneracies and select specific discrete states and it has been conjectured that thermal or quantum disorder favors collinear states (order by disorder). 41, 42 The four fold rotational symmetry of the lattice is spontaneously broken in this state. By employing a spin wave theory based on the general four sublattice mean field ground state it has been shown that the quantum fluctuations stabilize a collinear spin ordering. 43 Quantum Monte Carlo simulations on the frustrated SC lattice for p > 1/2 also confirm this conjecture. 36 In the present article, for p > 1/2, we consider the system to be in one of these three collinear configurations (collinear antiferromagnet or CAF). we have used the operators a, a † and b, b † for the up and down spin configurations.
the real space Hamiltonian is transformed to the k-space Hamiltonian. In the following two sections we study the cases J 2 < J 1 and J 2 > J 1 separately.
In this phase the classical ground state is the two-sublattice Néel state [ Fig. 1(a) ]. For the NN interaction, spins in A sublattice interacts with spins in B sublattice and vice versa.
On the other hand the NNN exchange J 2 connects spins on the same sublattice, A with A and B with B. Substituting equations (5) into (1), the k-space Hamiltonian takes the form:
The classical ground state energy H (0) and the quadratic terms H (2) are
with the coefficients A
0k and B
0k defined as
The quartic terms in the Hamiltonian H 
0k which are now
equations (11), (12), (A2)-(A4).
The quartic corrections to the ground state energy is calculated from the four-boson averages. In the leading order they are decoupled into the bilinear combinations (equations (A2) -(A4)) using Wick's theorem. The corresponding four boson terms are,
This yields the ground state energy correction from the quartic terms:
Adding all the corrections together the ground state energy takes the form
and the average sublattice magnetization S α is given by
Using equations (11)- (13), we numerically evaluate E/NJ 1 and S α . 
The quartic terms in the Hamiltonian for this case are shown in Appendix B. These terms are decoupled and evaluated in the same way as before. The renormalized values of the coefficients A (2)
The coefficients u, v 1 , v 2 , w 1 , w z are in Appendix B. As before these coefficients are calculated self-consistently from equations (21)- (23) and (B2)-(B8). The quartic correction to the ground state energy (following the same Hartree-Fock decoupling process as done in the AF-case) is
Combining all these corrections, the ground state energy takes the following form:
The sublattice magnetization and the ground state energy are then obtained numerically using equations (17) and (25) .
IV. RESULTS
In Fig. 2 we show the self-consistent values of the different parameters u 1 , v 1 , w 1 (AF phase) and u 1 , v 1 , v 2 , w 1 , w z (CAF phase) of our model. These parameters which provide the quartic corrections to our model do not appear in the LSWT calculations for the sublattice magnetization, S α and the ground state energy, E. We see from Fig. 2 that most of these coefficients vary significantly with p especially as p approaches 0.5 from both ends. This demonstrates that non-linear corrections due to the spin-wave interactions play a significant role in determining the different phases of our model. The disordered PM region disappears completely and we only obtain two phases: AF and CAF. This is one of our main findings in the present work. This significant change due to the quartic corrections is due to the enhancement of order by quantum fluctuations.
At p = 0 (no frustration) there is no quartic corrections to S α . This can be observed from equations (11) - (13) these interactions the quartic Hamiltonian takes the form:
In the harmonic approximation the following Hartree-Fock averages are non-zero for the SC-lattice Heisenberg antiferromagnet:
where ω 
